SEM-II (GEN.) MTMGCORO2T/MTMHGEOQ2T
LECTURE NOTE-1

FORMATION OF PARTIAL DIFFERENTIAL EQUATIONS

Formation of PDE by elimination arbitrary constants:

Consider an equation

F(x,v,z,a,b)=0 (1.1
where a and b denote arbitrary constants.
Let z be regarded as function of two independent variables x and y.

Differentiating (1.1) with respect to x and y partially in turn, we get

arF aF arF aF
—tp—=0 and —+g—=10 (1.2
dx P dz n dy 9 dz ( :I

Eliminating two constants a and b from the equations (1.1) and (1.2),we shall obtain
an equation of the form

fx,y.z,p.q) =0 - (1.3)

which is partial differential equation of the first order.
In a similar manner it can be shown that if there are more arbitrary constants than the
number of independent variables, the above procedure of elimination will give nise to
partial differential equations of higher order than the first.
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W Fing 4 partial differential equation

Given z = gy + by + a2 + p2
leferentiating (1) partially wi

(o)
a‘;=a and Q-

th respect to x and y we get

Now, putting the value of 4 and b in (1) we get
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which is the required partial differentia] equation
2 B> Eli; ji .
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Squaring and adding (2) and (3) we get
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or,  p° *g° = 4z, which is the required partial differential equation.

I F jal di 1 j
orm the partial differential equation by eliminating a and b from z= (x* + a)(y® +b)

Given, z = (x- L) T ) (D)
Differentiating (1) partially, with respect to x and ¥y, we get

oz

e = +

= =p=2x(% +b) or, »* +b—2x .......... @)
and glzq::y(r:... 2 q

oy a) or, x +a=3 ............. (3)

Putting the value of (x> + ) and (3 + b) from (2) and (3) 1n (1) We get
P 4g

SR
or, pq = 4xyz, which is the required partial differential equation.

4 WY Eliminate a and b from == axe’ + -_l;aze-f +b

Given, z = axe” +%a2e2-‘: b s (1)
Differentiating (1) partially with respect to x and y we get

4 oz _ vl 2 a2y
==ae ... (2) and 3, =€ +5a x2e

(a \2
=4 ') , from (2)

Q)'f})
PR

= axe’ + (ae")2

2
% g; (%) , which is the required partial differential equation.

S WP Form the partial differential equation by eliminating h and k from the equation

(x-h? +(y-kP +22 =22

Given (x—h)* +(y—k)2 +22 =22 i (1)
Differentiating (1) partially with respect to x and y, we get

& __,
Z(x-h)+2z-a;_o or, x—h Bay s (2)

and 2(y—k)+22—§z—v=0 or, y-k=—z% ............... (3)
Putting the value of (x — h) and (y — k) in (1) we get

2 2
22 (%} +22 (%;j +z2 =22

2 2
or, 2 {(%xi) +(%) + 1} =12 which the required partial differential equation.



6 W Find the partial differential equation of all spheres having centre in the xy-plane and
radius . '
As the centre lies in the xy-plane, so let the centre of the sphere be (h, k, 0). Now, equation of
the sphere with centre (h, k. 0) and radius % is
(x—h2+ (- kP +22 =32
Now, exactly same as above Worked out Example 3.

7 > Eh'minatea,bandcfromz=a(x+y)+b(x-y)+abl+c

Givenz=a(x +y) + bx —y) +abt + ¢ oooeens (1)
Differentiating (1) partially with respect to x, ¥ and 1, we get
& _a+b onp=ath @)
& -~
2 _a-b or,g=a—b . (3)
ay
0z _
and =ab ... (4)

—— L T PR PR
We know that (@ + b)* — (a — b)? = 4ab
or, p’—q° =4% from (2), (3) and (4).
which is the required partial differential equation.

8 W» Form the partial differential equation by eliminating the constants A and p from z = Ae’" sin px.

We have z = 4éP' sin px ...cccceuee (1)
Differentiating (1) partially with respect to x, and 7, we get
%zx- = APeP’ COB DX .ovviivseenserses (2)
OZ _ gpePtsi
e APET" B PR cossinssisinésinmnia (3)
Again, differentiating (2) and (3) partially with respect to x and 1 we get
& ;
5;_22- = —Ap2e sin px
2
and a—; = Ap®e” sin px
ot
P2,

gt o =0, which is the required partial differential equation.



9 W Find the partial differential equation of the set of all right circular cones whose axes coincide

with z-axis.
Let (0, 0, a) be the vertex and «, the semi-vertical angle of a right circular cone. Then the general
equation of the set of all right circular cones whose axes coincides with z-axis is given by

2+ 32 =(z - a) tan? o .oeeereeens (1)
where a and ‘4’ are arbitrary constants.
Differentiating (1) partially with respect to x and y,we get

21:2{2—‘?}%@1{1 of, x=(z—a}ptan2a or, (z—a]tanztI:i ........... {2)
and 2y=2(z—a)g:‘:‘;tan2a

oK, y=(z—a)gtan’a or, (z—a)tan’a =2 ... (3)
To eliminate @ and o from (2) and (3), we get

= {—":' or, gx = py which is the required partial differential equation.
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10 MY Show that the partial differential equation of all cones which have their vertices at origin is

px + gx = z. Verify that yz + zx + xy = 0 is a surface satisfying the above equation.
The equation of any cone which has its vertex at the origin is given by
@l + b2 + ezt + 2z + 2gzx + 2hxy = 0 e, (1)
where a, b, ¢, f, g, h are parameters.
Differentiating (1) partially with respect to x and y, we get

z+xaz)+2hy=0

2ax+2cz§3+2ﬁ»%z;+2g

ax ox
o, ax+cptfiprgpxtz)+thy=0
o, (ax+gz+h)+plcz+fy+g)=0 . (2)

and 2by+2cz%+2f(z+)‘%J+2gx%+2hx=0
o, byteqgt+fz+yq) +gg+hx=0

or, (by+ﬁ+hx)+q(c~:+f_‘r—gx)=0 ............ (3)

Now, multiplying (2) by x and (3) by y and adding we get

@’ +gu +hoy + ez + frx+ @) + B2 + fiz + Iy + glezy + 52 + gy) = 0
(ax? + by + gz + gz + fiz + 2y + (px + gfez + fr + gy = 0

—czz—g:x -Erx+plgx+H+2)=0 by (1)
ZEgx+th+ra)+(px+phex+ f+e)=0

Ex+ph+aipx+gr-2)=0

which is the required partial differential eguation.

o, px+qgy—z=0....__ (4

8§ 8 8 8

which is the required partial differential equation.



Now,megivenequaﬁmofdxa:ﬁQcSX)'*):‘:r:O ....................... (5)
Differentiating partially with respect o x and y, we get

&=

2 - é:
A H R ARt
o wrtpty+tz=0
—y+2)
o E+Yp=-G+3 op= X<y
and x+'°‘§’x§ 0
o, x+z+yg+xg=0
| ~(z+3)
o, (x+y)g=—-(z+1x) or,g= x+y

Now, putting the value of p and g in LHS. of (4) we get

—{y+z2)

x+y

T+x
X————ey-z
x+y

Hence the surface x + ¥z = zx = 0 is satisfying the equation (4).

11 > Form the partial differential equation

relation :

Given, z = ax* + + bxy + a—

= +lay + 4

by eliminating arbitrary constants a, b, ¢ from the

(1)

Differentiating (1) partially with respect to x and y we get

2:7 - g—bx'b
~ = 2ax+by » Oy
&—‘7 1%
axz--'-a o, a= 58):2
&z _ _1& .o 8
Now, putting the value of a, b, ¢ in (1) we get
o | 262 9%z 1 2322
Sl 2" xyaxay 2V 52
2 &z 2322
o, x*—=+2 -22
ax? xyaxay

which is the required partial dlﬂ'crentlal equation.

12 .P Form the partial differential equation by eliminating the constants ‘a’ and ‘b’ from
z=ax+ (1 -a)y + b

Given,z=ax+ (1 -a)y +b

(M

Differentiating (1) partially with respect to x and y we get



R’

£ e (B B2 it it )

o o
- - oz Oz
Putting the value of a from (2) in (3) we get EH_E
or, %+é-l o, p+g=1

which is the required partial differential equation,

|3 W» Form the partial differential equation by eliminating the arblrmqv constants a and b from
log (az-1)=x+ay+ b
Given, log (az— 1) =x+ay+ b oo, (1)
Differentiating (1) partially with respect to x and y we get

_a_ oz _ a_ oz .
-1 o | e (2) and EE_:‘J .............. (3)

5}
From(3),az—l=‘—;}% Soa= zy ............. (4)

which is the required partial differential equation.



SEM-I1 (GEN.) MTMGCORO2T/MTMHGEO02T
LECTURE NOTE-2

FORMATION OF PARTIAL DIFFERENTIAL EQUATIONS

Formation of PDE by elimination arbitrary function @ from the equation
@(u,v) = 0, where u and v are functions of x,y and z:

|5 W»> Form a partial differential equation by eliminating the arbitrary function f from the equation
x+ytr=fot+y +o)
Givenx+)-4~z=f(x2 +,\2+:2) ................ (1)
Differentiating (1) partially with respect to x and y we get

l+p=f'(x2 +y2+32)(2x+2zp) ............ (2)
and l+g= F(x? +y2 +22 X2y +229) oeeveveenens (3)
Eliminating f'(x2 + y2 + z%) from (2) and (3) we get
1+ p " l+g
2x+zp) 2(y+zq)

o, (y+zq)(1+p)=x+tzp)l+gq)

o, (y-2)pt(z-x)g=x-y
which is the required partial differential equation.

16 W» Eliminate the arbitrary function f from z = f (x* - y?)

Given z =j'(x2 —yz) ............... (1)
Differentiating (1) partially, with respect to x and y we get
& i Bamenes sped g o0e
5x—f(x Yy )x2xor, f'(x°—) )—2xax ........... (2)
3z . o=
and -L?-;-'- = f '(x‘? _yz)x (_2}1) or, f’(x2 .—);2) = —51,;;—; ............... (3)
Eliminating f'(x? — %) from (2) and (3) we get
2x Ox 2y oy
. Z+xZE=0
ox O
|7 B> Eliminate the arbitrary functions f and F from y = f (x — af) + F (x + af).
Given y=f(x—af) + F (x + al) ................ (1)
Differentiating (1) partially with respect to x,
== f'(x—at)+ F'(x+at)
ox -
c’:) , .
and > =] X—a)+r (x+



lating (1) wath respect 10 ¢,

Again, differentiating
%:-4'(x-a)+a}"(x+d)
6.Z—:,v=az_f"(x-an?a'."F’(:H»u)
W B 5 T : - S :
5 ¥=a &z'uhmhsthcmedmaldnﬂ’crmﬂm
18 W Form a partial differential eguation by eliminating the function f from :=x'f(%).
4

y )
Givenz=1’fk';J SRS )
Differentiating (1) parually with respect to x and y, we get
== ir( e (24(3)

S: = . f l x _“"
e b i s Ll
Y a2 pf2
J}r" f(x) ...........

...................

and yQ”-.=n""f'(%)

Adding (4) and (5) we get
s A= -
I R

which is the required parual differential equation.
19 B> Form a partial differential equation by eliminating the function f from

Ix+my + nz= fid + % + 22).
Given, lx +my + 2 =f (2 + 32 + 22) e, (1)
Differentiating (1) partially with respect to x and y we get
& 2. 2.2 oz
"”'a-f(x'*'} +z )x‘2x+225| ................ 2)
oz
By} ............... 3)

and m+n—=f’(x2 +y2+22)x{2y+2z



Dividing (2) by (3) we get

oz oz
]+n§ ) 2{X+Zax}

m*”% 2{y+z%}

or, (ny—mz)%+(lz—nx)% =mx-ly

which is the required partial differential equation.

20 W» Form a partial differential equation by eliminating the function f from 7 = e™*f (ax — by)
Given z = ™ f(ax — by) oo 8))
Differentiating (1) partially with respect to x and Vv we get

% =™ . af '(ax—by) + ae®™ ™ flax—by) . @)

and G2 = e (b (ax~by)) + be ™ £ (ax— by)
Multiplying (2) by b and (3) by a and adding

9z, .0 _ +by 2, 2
2 "9 B 2abe™* f(ax—by) = 2abz by (1)

which is the required partial differential equation.
21 W» Form partial differential equation by eliminating arbitrary functions f and g from
z=f02-y) +g (P +y)

Givenz=f(x2 = y) + g (2 + ) oorrrrrrror.. (1)
Differentiating (1) partially with respect to x and y we get

% _2xf'(x? - y)+ 2xg'(:2 +)

zx2x{f'(x2 “MHEZOP N i @)
and % =—f'(F-+gP+y) 3)
Differentiating (2) and (3) with respect to x and y we get
g% =273 =)+ g (P 4+ R - )+ g (R ) )
and % = "2 =)+ 2"(2 +3) s (5)
Now, (2) implies £7(x2 - ) 4+ g'(x2 + y) = %% ............ (6)

Putting the values of "(x? - y)+g”(x? +y) and f'(x2~y)+g'(x® +y) from (5) and (6) in (4)

A2
<

2
=2x 24,2972

we gét = 3% O ayz
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822 oz 3 62
axz - —+4x 6y2
which is the required partial differential equation.

or,

22 W» Form a partial differential equation by eliminating the arbitrary functions f and ¢ from
z=yf(x) + xoly)
Given z=3(x) +x9()) (1)
Diﬁ'ereuﬁaﬁng(l)putidlywihtupeaioxandyweget

=y"(x)+oly) —2)

aa
oz _
and g-/(x)*l’ () G)
Differentiating (3) pertially with respect %0 x, we get
aa;”-f(x)*v‘(y) st 00

. . 1| 6z
From (2) and (3) we 2=t ﬂn:%[%.,(”] ad 9'(y)= ;[Ey__f(x)]

Putting these values m (£) we gt

Zr-UZ el [g—f(x)]

& -
or, I}%=xa*!g'[1’()’)+ﬁ(ﬂ =X +y6y Z by(l)

23 > Fom‘ﬂ“w#lbmhmmm

e= 5 =27 Lo togy|

Given z=yz+2f(%+bgy) i (B

Differentiating (1) parnally wath respect to x and y we get

- p2rflom)-3)

& —x2p=2f'(-1-*h§!) oo

and %=9=2.v+2/'(%+bsy)-l

or, y(q-Zy)=2f'(i+hsy) ........... (3)
From (2) and (3) we get
He-2n=-2p

o, prrg=2"
which is the required partial differential equation.



