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LECTURE NOTE-3

Solution of Non-Linear PARTIAL DIFFERENTIAL EQUATIONS

CHARPIT'S METHOD:

General method of solving partial differential equatio
ns of
any degree in two independent variables x and y - order one but of

Let us consider the partial differential eguanon of first order and non-linear in pandgas
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Weknowthat&z=pdx+gdy__________ )
The next step is to find another relation
F.yzp.g)=0______(3)

such that when the valess of » and q obtamed by solvin
. sof p g (1) and (3) are substituted i (2), i
integrable. The integration of (2) will give the complete integral of (1). Sl

In order to obtzin (3). differen remtizting partially (1) and (3) with respect to x and ¥, we get
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Similarly, eliminating %‘% from (6) and (7) we get
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8x61 & » the last term in (8) is same as that in (9), except for a minus sign and hence they
cancel on adding (8) and (9) ;
Therefore, adding (8) and (9) and rearranging the terms, we get
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This is a linear equation of the first order to obtain the desired function F.
The integral of (10) is obtained by solving the auxliary equation

dp dg 2 _ dx _ d _dF . (11)
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Since any of the integrals of (11) will satisfy (10), an integral of (11) which involves p or g (or both) will serve
along with the given equation to find p and q. For practice, we shall select the simplest integral. Using the
standard notations :

5= fy 8§ /2= af g af f af ; Charpit’s auxliary equation (11) may be re-written as
¥ b4
dp - dg _ dz _dx _ dy _dF w1y
f.+of, I,vaf, -pf,~af, -f, -, T

Working Rule for Charpit’s Method

STEP n Transfer all terms of the given equation to L.H.S. and denote the entire expression by f.
STEP ] Write down the Charpit’s auxliary equations 11 or (11)".

o)
STEP Using the value of f in Step 1, write down the values of —aé , %fy‘ w180y [y £, -oe €€ OCCULING IN

Step 2 and put these in Charpit’s equation 11 or (11)".

STEP ] After simplifying the Step 3, select two proper fractions so that the resulting integral may come out
to be the simplest relation involving at least one of p and g.

STEP [ In the simplest relation of Step 4 is solved along with the given equation to determine p and g. Put

these values of p and g in dz = pdx + gdy which on integration gives the complete integral of the
given equation. The singular and the general integrals may be obtained in usual manner.
Note : Sometimes Charpit’s equations gives p = @ and g = p, where a and b are constants. In such cases,
putting p = a and g = b in the given equations will give the required complete integral.



EXAMPLES WORKED OUT
| W Apply Charpit’s method to find a complete integral of z = pq.

Letf(x, 5,2, 0,9 =z—pqg =0 ... (1)
Charpit’s auxliary equations are
oy . Gg . L W i )
LA, LX)y =8 ly L
From(l),j;=0,j;=0,fz=l,fp=—q,j:]=—p ............. 3)
Using (3), (2) reduces to
dp_dqg_ d _dx_ by )
p 4 2p9 q p
Taking the first two fractions of (4) we get

dj
_p£ =7. Integrating, log p = log ¢ + log a = log aq

or, p = aq, where a is a constant

2 > Fmdaooqkz'-gvddprf,=n.byampiz’smethod.
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Taking the first two Sactions of (2) we get



&=
g

L‘::eg:'::::’nglogp=logq+loga

-
-
-

_,.'_

or, ag.whereaisaconstant ... (3)
Putting the valee of p = (1) we get
2 ax +
o ~g-ag =0 onLag=ax+y or, g= ay .......... (4)
" FromQGQ)p=ax+y .. __ (3)

Putting the value of p and g I dz = pdx + gdy we get

o,  ad = (ax + y)Nadx + dy) = (ax ty)d(ax +y)

. \ax <+ Vy ': . . .
Integrating. az = ——=2_ .} which is a complete integral, where a, b are constants.

3 B> Find the complete integral of ipq = p + q, by using Charpit’s Method,

Letf(x.}'.:.p.q)E:pq—p—q=0 ......... (D)
Here Charpit’s auxliary equations are
® - H . KB )
LW, fytef, -f,-af, -, 5
From (1), /.= 0, 5=0,f= pq,f =zq — l,j;1=zp—1
Putting these \alues m ( 7) we get
—dL = ﬂ from first and second ratio
P q Pq
o, P X . Integrating, log p = log g + log @ = log ag
p q
or, p = aq, where a is an arbitrary constant +1
a
. From (1) wegetzpg=p+g=ag+qg=(a+1l)g or,p=——
_P_a+l
q_ 74 B az

1 +1
o dz = pdx + gdy = %d’ﬂ‘*a dy

1
of, 2zdz = 2(1+a)a&c+@dy _ 2(]+a)[dx+;dy:|

Integrating, z% = 2(1+ a)[x+ ]+ b, where a and b are constants, which is the complete integral.

4 B> Find a complete integral of 72 = pgxy, by using Charpit’s method.
The given equation is
fxyzpq) =22 —pgxy=0 ... (1)



Here Charpit’s auxliary equations are
dp _ dq _ dz _ax _ dy
Ietdl, $,4al, 8,4, 1y i,
From (1), £, = - pqy, f, = = pax. [, = 22, f,, = — qxy. [, = — pxy.

_pqy+ 2pz _pqx+2qz zpq.x.y qx)) p-x;) ................

. From (2) we get,
Each part of (3)

B xdp + pdx _ ydq +qdy
~ x(—pqy+2pz)+ pgxy  y(—pgx+2qz)+ pgxy

xdp+pdx _ ydg+qdy  dGp) _d(yq)

¢l

2 pxz 2qyz * xp yq
Integrating, log (px) = log (gy) +log a2, where a is an integrating constant
o, xp= azqy ............... (4)

. From (1) and (4) we get
22 = (px)(qy) = a*(qy)?

22 Z

s =£ s B
o, (gqy) _a2 or, qy . 0 9 a
a2 _a
x X & X
Putting the value of p and ¢ in dz = pdz + gdy
t dz=L e+ Z
we ge = ayaﬁz
OI', Q_aix__‘l._l..id'y_
z X ay

or, logz= alogx+—(1;logy+logb, where b is an arbitrary constant

or, z=x%y/ab, which is the required complete integral.

I W Find a complete integral of q = 3p?, by Charpit’s method,
The given equation is
ey z,p,q)=3p*—qg=0 ....... (1)
Here f =0, L=0, £=0, J, = 6p, &=l
Charpit’s auxliary equations are
dp _dg _ dz _ dx _dy
0 0 _gp21q —6p 1
Taking the first fraction, we get p = a.




Putting the value of p in (1) we get g = 3a% ............. 2)

Now, putting the value of p and ¢ in dz = pdx + gdy we get dz = adx + 3a’dy

Integrating, z = ax + 34y + b, which is a complete integral, where @ and b are arbitrary constants.
8 WY Using Charpit’s method, find the complete integral of (p* + ¢%) y = ¢z.

The given equation is

fCyzp=@*+¢)y=—qz=0 ..., (1)
Charpit’s auxliary equations are

dp____dg ___ dr  _ d _dy 2)
Lo, Syraf, -of,-af, -f, -,

Here =0/, =P+ a5 =~q.f,= 20, f, = 2qp -2
. From (2) we get

dp _ dq = dz ol _ Y
P4 p*+q*—q* 2p*y-2¢ y+qz 20y 2qy+z
dp _dq dz dx _ _dy

% P4 P P +g)yrez 2P z-2qp
Taking the first and second parts of the equation
pdp + qdq =0 or, 2pdp + 2gdg = 0
Integrating, p? + ¢% = a2
Using (1) and (3) we get

............ (3), where &2 is an arbitrary constant,

a2
ay-qz=0 o ==,

Putting the value of ¢ in (3) we get

2 a2 2 5, &la 53
Pr= @ === -V} o, p=E? -y
z zZ

z
Putting these values of p and ¢ in

b

dz = pdx + qdy we get

2
dz =§\122 —a2y2dx+ﬂaj/

Z
or. M—adx or. d ’2_ 22 dx
s m P) zZ a-y =da ‘

Integrating, \/ 22 - 42 v =ax+b, b being an integrating constant,

of, (22 —a%?) = (ax + b), which is the required complete integral.
9 B> Find a complete integral of p°x + ¢*v = z. by Charpit’s method.
The given e-quan’oq IS

f(x, 5.z, p, q)
tons

Charpit’s auxhary equatio

-

Px+gy—2z=0 ... (1)

|‘u Ill



g e & & &b )
Lo, faaEaew -ef. -1, -J,
Heref;zpz ‘-=q: :=_l,‘f’=m"f;=20
From (2) we gt
WS R S NSl ISR 3)
F-p-dos i riyy)
Each fraction of (3) is eqgual
2pudpspPdx  _ 2qydg+q’dy
2pxip” - p)+ PP 2px)  2g9(q° —9)+q* (2qy)
« D _dd’y)
- 2px 20y
Integrating, log (7~x) = log (g%y) + log a, where a is a constant of integration
o PEX=OFF ereereeenee (3)
From (3) p__ar\
Putting the valee of p° in (1) we get
"’;"-xq-qu-z:O
B oo 4 z Sersce za
Sy A ta=r w a~da &y . P
with these values of p and ¢, we get from

= pdx + qdy as

za z
& = J(l +a)xdx+ \j(l +a)yaj}

& dx
o V,]_J— \/_T+T

Integrating, 2y1+a-vz =2Va-x+2\/y+2b
or.  J(1=a)z =+ax+.[y+b, b being the constant of integration, which is the required
complete integral.
10 WP Using Charpit's method, find a complete integral of 22(p*z® + ¢*) = 1.
The given egquation is

fayzp qupt+22g2 -1=0....eeeeee. (1)
Charpit’s auxliary equations are
d __d & _ & _ & @
frof. 1,+af, -#l,-4af, 1, -F,

Here j;=0,fy=0,f.,=4p223+22q,j;, 2pz4,j; 2gz?



. From (1) we get
d 4 d______dr __ &
p(4p223+22q2) q(4p223+22q2) - -2p2z4 -2¢%22 -2pz* ~2¢z2
Taking the first two parts, we get

d,
?p = % Integrating p = ag ... (2), a is a constant of integration

Putting the value of P in (1) we get
g+ 242 1= or, 2% (@®22 + 1) = |
o, g= . sa s S
’ a*z? 41 Va2 +]

Putting the value of pand g in dz = pdx + qdy we get

dz= —wL+ 14
zVa?z? 4+ za?2? +1

or, dz= adx + dy or, adx+dy=z a222+ldz
zva?z? +1
[ntegrating, we get

3
1 > > . :
ax+y+b= 3—2(0222 +1)2 | where b is the constant of integration
a

3
or, 302(ax+y+b) = (a*z2 +1)2

o, 9a* (ax +y + b)? = (4222 + 1)3, which is the required complete integral,

11 W»> Find q complete integral of (p + g)(px + ) = 1, by Charpit’s method,
The given equation is

f(x,y,z,p,q)-(p+q)(px+qy)—l ............... (1)
Charpit’s auxliary equations are
dp dq g __dc _dy @)

A T T R -1,
Hete f=pp+ )./, = a0 +q). 1. = 0. fp =2px + gy + qx, f, = px + 2qy + py
. From (2) we get
P(P+q) q(p+q9)  2Ap+q)px+qp) “Cpx+qx+qy)  —2qy+ px+ py)
Taking the first two ratios of (3) we get

9 _dq :
TR Integrating, log p = log g +loga= log ag
o, p=aq ........ (3), where a is a constant of integration

Putting p = aq in (1) we get
q(1+a)(aqx+qy)=lor,q2(l +a)(ax+y)=_1

1

o, 9= S Pp=aq= 2
\/(l+a)(ax+y) = \/(]+a)(ax+y)
Putting the value of pand g in  dz = pgx + qdy we get




dz = d dx !
VI +a)ax+y) N ;ﬂ+a){ar+y} @
& e Y adx + dy __dax+y)

Ji+a)ax+y) Jlsa)fa+y) Vi+aJax+y

o« Jivaz-H=2)
vyax+y

Integrating. J1+a .oJTy«»b -hebsthemofmtegranommchlsﬂlerequn'ed
compictc mtegral

12 @» Find a aqnghguqq+3,'=uz-x¢,’)by¢npa’s method.
The given eguatom =

fErzpd=p+3g-2+208=0_____.(1)
Charpit’s aaxiary equatsons are
@ 4 < _d& o )

I.*d. f+ef. M, -ef, -f,
Here f=p+4ap.f=3af=-2f =xf =3y+4g]

% Froa(’)ugx
prémg-2p 39-20 _px_gGy+ip?) X _(Gyrigd)
S T dz NS 3)

Primt 9 —pxog(y+dpd) X (y+dgd)
From 2nd aad 4 ratio of (3) we get

' <3 q

Integrating, log gx = log @ or, q=;,where ‘a’ is an integrating constant.
Putting the valuwe of ¢ in (1) we get
2
2.la) 2[a | _
xp+3)(x) 2z+2x [xZJ 0

-
o pr=2z-202—3% i p=2(zxa )_3::2};
Pllttingdk‘lhtofpandqindz=pdx+qdyweget
2Az-a?) day
{ : xZ}“" T
or,  x'dz = 2x(z - a?) dx — 3aydx + axdy
o x'dr - 2x(z - a%) dx = - 3aydx + axdy
xzdz-2x(z—a2)dx —3aydx  ady 2 ay
or, " - ~ +x3 or, d(% =d(§)



’ ,
Integrating, <—<_ = %+b, b being an integrating constant.
x* 2
ay .
or. = —x_ +bx’+a’=a [0 + ‘i‘}) +bx? » Which is the required complete integral.

Putting these values of p and ¢ in dz = pdx + gdy we get

- (ax+y):t\/(ax+y)2 -(02 +1)

(a2 ) (adx + dy)

Letusputv=ax+y . adc+dy=dy
. From (4) we get

(@* +)dz = {vi,/vz —(a? +1)}dv
Integrating, (a2 +1)z= %t[%-\fvz -(a® +1) - %(a2 +1)log(v+ \}vz —(a? +1)]+b

which is the required complete integral and a, b are arbitrary constants and v = ax + V.

16 W» Find a complete integral of p* + ¢* — 2px — 2qy + 2xy = 0, by Charpit’s method.
The given equation is

Soyzp@)=mp?+q2 —2px—2qy + 2y =0 oo (1)
Charpit’s auxliary equations are
. . 99 _ ik & & )
Lr o, L vaf, -, -4/, =t =l

Herej;=—2p+2y,[v=—2q+2.x,f:=0,fp=2p—2x.j;l=2q-2y.
. From (2) we get
dp__ __dq __ dz b P .. B

2p+2y 2g+2x -P(2p-2x)-q(29-2y) = 2x-2p 2y—2gq
Each ratio is equal to

dp+dq  dr+dy

Ax+y-p-q) 2Ax+y-p-q)
which gives dp + dg = dx + dy or, dp ~dx+dg—dy=0

Integrating, (p —x) + (¢ —¥) = q wrruor.... (3), where a is the constant of integration.
Also, from (1) we get
-2+ (=P =@ =y .. (4)

From (2)g-y=a-(p-x).
Putting the value of ¢ - y in (4) we get
P -xP+[a-(p-0P=(x-y>
o 2(-xf =2a(p-x)+ {a? - (x—y?} = 0

B 2aﬂ:\f4a2 -4-2{q® —(x~ )%}
4

P=x

o, p= x+%[a:t\/{2(x—y)2—az}]



. From(3)g=a+y -p+x= y+%[a¢l¢\/{2(x—-y)2 -az}]

Putting the value of p and ¢ in dz = pdx + qdy we get

- a 1
dz = xds -+ ydy + 5 (dx-+ dy) £ 1 (20~ y)? - a? (e~ )
Integrating, the required complete integral is

Z4 22 =
X ;}. +a(x2+y)i%{xTym—élog[(X—y)+m:|}+b

where a, b are arbitrary constants.

17 MY Find the complete integral of ¢ = (z + px)* by Charpit’s method.
The given equation is

f,2zp.q)=@EZ+px=g=0 ... (1)
Charpit’s auxliary equations are
ap dq dz a _ & 2)

fool, T,+af, ~o,-af, 1, -,
Here f;=2P(Z+px),f';_=0,j;=2(z+px)’f1',=2x(z+px),f;=_ 1.
. From (2) we get,

dp dq dz _ dx dy

2p(z+ px)+2p(z + px) - 2q(z + px) g 2xp(z+px)+q —2x(z+ px) 1
From 2nd and 4th ratio of (3) we get

dq

g
Putting the value of g in (1) we get

—dx
= - Integrating log ¢ = log @ — log x or, 4=

=R
-~
FN
~

VX XvVx
Va Va__z
o, px=-F=-zor p=—pm=-=
Jx ¥ xvx X
Putting the value of p and ¢ in dz = px + qdy we get,
dz:[i.;__zjdx+£
xJdx X X

e | e
or, xdz =ax 2dx—zdx+ady or, xdz + zdx = Jax 2dx+ady
"
or, d(xz)=+Jax 2dx + ady

Integrating, xz= 2\/;\/;+ay+b, where a, b are arbitrary constants.
which is the required complete integral.
18 WY Find the complete integral of 2z + p* + qy + 2* = 0 by using Charpit's method.
The given equation is
fEyzp.=2+P+@+27=0 . (1)
Charpit’s auxliary equations are



dp _ _ & & &
o, f,+af. = A
Here £, =0/, =q+*0L=2,1,=20./, =¥
. From (2) we get
dp __ dq & _d 4@

= = -

2p q+4y+2q 2p gy 2P ¥

»_ & . & . & @
oL 2p 3q+4y 2p2_gy 2p -y

...............

next do by yourself...................



